M. BARTON WARING
H ow much do savers need to save in order to meet their retirement income goals? Although a great deal of effort has been expended in search of answers to this question, a very simple and practical answer is almost in plain sight. It is under a small rock, the rock being the ordinary and familiar time-value-of-money annuity payment calculations that we used to good advantage in our prior article, "The Only Spending Rule Article You Will Ever Need," published by the Financial Analysts Journal in January 2015 (Waring and Siegel [2015] ).
By turning this spending rule around and looking at asset accumulation instead of decumulation, we form a saving rule that, if followed, will get our saver very close to his or her asset accumulation target by the time of retirement. Like our spending rule and like the returns of the market, this savings rule is dynamic and adapts to actual market returns and changes in portfolio values so that it works with any investment policy the saver desires. The key idea is that we recalculate a new savings amount each year-an amortizing payment into one's savings nest egg-based on a set of simple inputs:
• the target portfolio value, or desired amount of accumulated savings at the time of future retirement (colloquially, one's number);
• today's current portfolio value (savings balance), ref lecting market returns and indicating progress toward the target; • the current long-term risk-free real discount rate; • a baseline growth rate for annual savings planned by the saver; • the amount of time remaining in the saving period prior to retirement.
Using annuity mathematics, this method calculates a savings payment for each new period so as to dependably amortize, over all the remaining years, that part of the target amount that has not yet been saved.
Saving money to meet a known future obligation is like paying off a mortgage: If we know the principal that needs to be paid off, the interest rate, and the number of payments, we can calculate today's payment using any financial calculator or spreadsheet. Saving for retirement is not exactly like paying off a mortgage because we are amortizing a future value (the target amount to be saved by the time of retirement) rather than a present value (the amount borrowed to help pay for a house). In all other respects, however, the thinking is like that involved in paying off any other long-term obligationthe mathematics of the time value of money and the amortization of present values and future values are the same for our savings plan as they are for a mortgage.
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Thus, in principle, a retirement saver can schedule a number of equal payments, like he or she would for a mortgage, over the remainder of the working life and be done with it, assured of having the planned account balance at time of retirement. This would work perfectly if the investments were riskless and thus perfectly predictable, hedging their savings target. At the end of the saving period, our saver would have achieved his or her target with certainty.
Here, however, is the problem: Few people invest in riskless portfolios designed to hedge their future retirement needs completely. Most investors hold equities and other risky assets that do not hedge their savings target. Taking equity risk or interest rate risk means that, in each period, the portfolio may get ahead of-or fall behind-the schedule that assumes riskless investing.
We compensate for this risk by recalculating the "mortgage payment" every year to account for these surprises, good and bad, and as a result our focused saver can keep his or her savings rate on track, immediately adjusting it down or up to ref lect investment results.
RESHAPING THE PAYMENT STREAM
Ordinarily, amortizing a future or a present value over some time period gives us a level or constant-dollar payment. In recognition of the fact that people have less income when they are young and more when they are older, however, a mortgage-like level-payment amortization is impractical for retirement saving. We can, however, provide for the payments being less when the saver is young and more when old by substituting a growing payment for the level payment-one that starts off low and grows over time in a manner such that the desired future value is generated. Our saver makes smaller payments earlier and larger payments later. One way to do this is to have the payment grow at the same rate by which salary is projected to grow so that it is a constant percentage of salary over time (aside from changes caused by investment surprises, discussed later). In our experience, however, we find a growing percentage of salary is more likely to be implemented by savers, so the dollar payment starts at a lower portion of salary but then grows faster than salary. Of course, one can choose one's own shaping term, setting the growth rate higher or lower than projected salary increases.
By having our saver "pay off " her retirement "mortgage" with payments, we have reshaped the obligation's payment schedule, but we have not changed any other aspect of it-the principal amount, the underlying interest rate, or the term. The schedule of payments retains the desired future value regardless of the shape of the schedule through the ordinary working of timevalue-of-money mathematics. The mortgage industry also does some limited reshaping on a business-as-usual basis, with graduated-payment, balloon, and other modifications to level payment schedules, and so can we.
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INVESTOR-SPECIFIC ASSUMPTIONS
We begin by establishing a target: the future amount that the saver will need in order to secure a satisfactory retirement income. For this article's purposes, we will plan to fund a real (inf lation-indexed) life annuity at time of retirement, although other approaches are possible. As an aside, this target will retain some uncertainty despite our best efforts to fairly estimate it because annuity rates (i.e., the rate at which the retiree can convert assets to lifetime income) will f luctuate, but let us ignore that risk for the moment and assume we can know the target.
For those who want to self-annuitize with an annually recalculated virtual annuity (ARVA), as we suggested in Waring and Siegel [2015] , a somewhat higher target will be required because the ARVA method does not take advantage of mortality risk pooling. However, it has at least a partial saving grace: It also does not have insurance company default risk.
We conduct the entire analysis in real terms, that is, in current (2016) dollars. We assume that our saver is at the start of a 40-year saving period, age 27 to 67, and we ignore taxes.
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To keep matters simple, we also use standard wage assumptions that might easily be rescaled by the reader: a $100,000 per year income in the first year, growing at real 2% per year. One of the two percentage points of real wage growth is due to real economic growth, and the other is due to the increasing age and experience (i.e., human capital) of the saver. Our saver is a single female in the United States.
Ideally, the target is the cost, 40 years from now and stated in today's dollars, of a fully inflation-indexed singlepayment life annuity (SPIA) for our saver. We cannot predict this with any certainty, but we can observe current annuity pricing and make some extrapolations. We assume that our saver will wish to replace 75% of final pay and that 30 percentage points of that amount will come from Social Security so that the annuity needs to replace It is illegal to make unauthorized copies of this article, forward to an unauthorized user or to post electronically without Publisher permission.
45% of final pay. Final pay is then estimated as $100,000, inf lated at real 2% for 40 years, or $220,804; 45% of final pay is $99,362, which is the initial annual paycheck (upon retirement) that our saver will need to produce from investments in 40 years, again stated in today's dollars.
As of May 13, 2016, the cost of an SPIA for a single female in Illinois that pays a constant $99,362 per year was $1,517,900.
3 This annuity payout is constant in nominal, not real, terms, and thus has declining spending power when prices are inf lating over time. Therefore, the annuity cost needs to be adjusted upward because we specified that we want to purchase an inf lationindexed annuity, one that pays a constant $99,362 per year in real terms.
Because the market for inflation-indexed annuities is not deep or transparent, it is hard to estimate this cost (much less what the cost will be in 40 years). However, we do not need to get these estimates exactly right-our purpose in this article is to show how to determine the savings rate for a given target, not to determine the target precisely; an estimate that is close provides a huge advantage relative to the casual approaches taken today by most investors and their advisors. Schirippa [2009] , writing for the Employee Benefit Research Institute, arrived at an inflation-indexation cost premium of 38.9%, so we will use that number, but we suspect that the actual premium will be higher in 40 years because there will be a longer lifespan over which inflation protection is being provided. 4 Finally, we would note that the cost of an annuity, that is, of a specified stream of annuity payments for the rest of one's life, itself varies over time due to changes in interest rates, life expectancy in the population, insurer competitiveness, and other reasons. Thus, the target amount of savings at retirement should not be fixed, as we assume in these examples, but instead should vary with annuity costs. A truly complete savings rule would take this variation into account-and one can do so by periodically updating the target based on then-current annuity pricing information. For now, however, we assume that the target is fixed. Our working estimate of the target for our prototype saver is $1,517,900 × 1.389 = $2,108,363, expressed in today's dollars. Now, how to get there?
WHAT IS THE DISCOUNT RATE?
For setting the base-case series of savings amounts-which are subject to adjustments for random market results as we go along-we approximate them by using, as the real rate of return assumption, the yield on the longest (30-year) Treasury Inf lation-Protected Securities (TIPS) bond. As of September 6, 2016, this yield was 0.54%. 6 Note that a saver nearer to retirement might prefer to use the 10 year.
This current low interest rate results in an extremely high savings rate, higher than it would be with historical average real interest rates, which are higher than the current ones-and it is no big surprise that a lot of savings are needed when one realizes one is investing for 40 years at a near-zero rate of return to pay for a retirement that could be 20, 30, or even 40 years long. I suppose one could wish for higher real rates-but that might bring other problems.
However, reducing the liability (or target) to a stream of present values (savings amounts) at the real riskless rate is the right way to plan to have a certain amount available in the future without risk. The real riskless rate is the only rate that can be locked inin theory, at least, but pretty close in reality (there are practical limitations)-conceptually guaranteeing that our saver could meet her target at the time of retirement.
We do not want to commit the common actuarial mistake of discounting this debt-like future value at the expected return on the assets because doing so is poor practice and really just a sub rosa way to reshape the payment stream as we are otherwise doing explicitly using growing annuities. This does not mean that our saver should not consider investing in equities and other risky assets in place of some or all of her riskless TIPS portfolio-by all means, she should. Our saver will try to earn a higher return so that she needs to save less in the future if returns above the riskless rate are in fact realized. It does mean, though, that she should not use the expected return on her risky portfolio to discount her target.
Here's the deal for taking into account the hopefully higher returns from a higher-risk investment strategy: Wait for the eggs to hatch. Our saver cannot decide to save less, based on those expected returns, until a given year's return has been realized and not merely expected. Do not put the return into the discount rate as an expected return; put it into the portfolio's value to reduce the savings rate when (and if ) the high expected returns are in fact realized. To do otherwise, to lower the planned savings amounts by assuming the higher SPRING 2017 capital-market expected return in advance of earning it as a realized return, is to count one's chickens before they are hatched-a practice that torpedoed many of the pension plans that are now making headlines for being woefully underfunded. 7 We do not want that to happen to our saver.
It is, however, still important to reshape and reduce the earlier payments so that the savings plan is practical, but one should do it for the right reasons and do it transparently. As the reader will see, our savings growth rate assumptions have the effect of reducing the size of current savings payments in a tradeoff with raising the expected future payments but as an explicit reshaping of the payment level over time rather than as an implicit, poorly rationalized, and more aggressive reshaping based on a high return expectation. As we will see, the required savings rate declines very substantially, even potentially to zero, in the later years if the investments are successful-that is, if they earn a real return above the real riskless rate (a fairly low bar for success).
SAVING RATES AND RESULTS WITH RISKLESS INVESTING
At this point, we have the inputs to calculate the first payment of the desired growing-savings payment schedule. The initial saving amount, based on the assumptions stated above, is $25,655. Exhibit 1 is a spreadsheet showing this first payment, plus all
E X H I B I T 1
Saving Rates with Riskless (consumption-hedged) Investment, in Real Terms (current dollars)
Note: At the end of age 66 (i.e., at age 67) , the desired balance is on hand in this fully hedged, riskless example. Sources: Constructed by the authors. Real riskless rate is from the U.S. Treasury, "Daily Treasury Real Yield Curve Rates," 20-year rate on November 4, 2016. subsequent payments grown at the 3% rate of real increase (in dollars saved per year) that we assumed at the outset, using our risk-free rate assumption as the rate of return. We assume that the investor is hedging the real value of her target number by purchasing long TIPS, which had a real yield of 0.54% as of the date the exhibit was constructed.
Because our savings growth rate assumption of 3% was chosen to exceed the assumed 2% salary growth rate, the saving rate as a percentage of income starts out at 26% and grows over time to 37%. Both the beginning and ending levels are high, a result of the fact that retirement is expensive (one works for 40 years to provide for a lifetime of consumption) and the current long-term real rate is very low.
We share the reaction that we expect of many readers-do I really need to save that much of my paycheck? It is, unfortunately, the reality in today's markets-one can quibble with our assumptions, but they are pretty fair.
8 Want to save less? Plan on a less generous retirement, with a lower replacement ratio.
ADJUSTING THE SAVINGS RATE TO REFLECT CAPITAL MARKET REALIZATIONS EACH YEAR
When our saver invests in equities and other risky assets rather than in an all-TIPS portfolio, the realized returns will be (very) different from the riskless discount rate that we used for planning purposes earlier, being more volatile and usually-but not always-higher. This actual realized return will have a heavy impact on required saving rates, hopefully reducing them over time if returns average higher, but possibly increasing them.
How might this work out? We can look at history for an example of how the required savings rate might have varied over time if we had put this program into place 40 years ago, at the beginning of 1976. We use these data from the past to get a sense of how market f luctuations affect the saving requirement, not because we think the returns from this period will be repeated in the future-in fact, we are quite sure that they will not be.
Exhibit 2 shows the real (after inf lation) growth of a dollar invested in U.S. stocks, U.S. bonds, and a 60/40 SPRING 2017 mix (rebalanced annually), ref lecting actual real returns over the 40 years from the end of 1976 to the end of 2015. As noted, the capital markets-including bondsprovided a compound annual return much higher than the rates that we currently expect these assets to yield in the future and higher than today's real riskless rate by an even greater margin.
A major point of this article, however, is to show how to change the savings rate in reaction to capital market realizations or surprises. As a result, it is OK to use these year-by-year historical returns as an example, drawn from the past, of what might happen in the future and how to react to it. This is the case even though our actual expectations may be for lower returns and even though the sequence in which they will be delivered bears no resemblance to the sequence from this particular sample of the past. Remember that the surprise, relative to our current expectation of a real riskless rate of 0.54%, could be negative as well as positivealthough, with the bar set low by using the real riskless rate, it is more likely to be positive.
Here is how our saver should react to a surprise: at the end of each year, recalculate the savings payment made for that year using either the native growing annuity payment formula in a spreadsheet or, perhaps more conveniently, our simple "hack" of the typical PMT function found on handheld financial calculators and in the Excel spreadsheet (we use the word hack in its best sense-that of a clever shortcut, not a destructive intrusion; see the Appendix for details and examples). One needs five inputs: the discount rate, the growth rate of payments, the time remaining, the present value (or future value) to be amortized, and an indication of whether payments are at the end of the period or the beginning (annuity due):
• Look up the updated real riskless rate and establish or re-establish the preferred reshaping term, the real growth rate of planned annual savings.
• Reduce the years to retirement by one, for the year just passed (or adjust the years to retirement to match any revision in the expected date of retirement that might have been made).
• Review assumptions about the target, or future value needed at time of retirement, and recalculate if there are significant changes in the real rate, date of retirement, matters affecting final salary (including surprises in salary level that are different than planned) and desired replacement ratio, and pricing of real annuities; recalculate target future value as needed. Do this more frequently when discount rates and inf lation rates have moved. At a minimum, each year, increase the future value target by the past year's inf lationlast year, we expressed it in last year's dollars, so let us put it into this year's dollars. As discussed in the Appendix it may be helpful, depending on the method used, to reduce it to today's present value.
• • It is useful to use the annuity due, or begin payment convention, so as to calculate the payment for the year just passed at the beginning of the new year so that the updated portfolio value is known.
Based on these new inputs, one can then recalculate the remaining growing-payment annuity schedule. The first payment of this new schedule becomes the next payment the saver actually makes; it will be recalculated again each year.
Try the process a couple of times; read the example in the Appendix. It is quicker and easier than it seems at first blush once one gets familiar with putting the savings problem into a payment calculation context. The fact is, you already know how to do this.
Exhibit 3 shows this process as performed for the return realizations in Exhibit 2. The saving amount for a given year decreases, relative to our planned 3% real growth rate, after each positive surprise (actual return higher than the riskless discount rate) and increases after each negative surprise. 9 We see that, at the end of age 66 (i.e., as our saver turns 67 and retires), the desired portfolio balance is well exceeded in this particular historic time frame with its excellent capital market returns, at least two standard deviations above the mean or expected return.
10 As a result, the investor had a choice to stop saving in 1997, at the tender age of 48, and hold only riskless TIPS for the rest of her working life. In Exhibit 3, however, she continued to hold the 60/40 market portfolio, exposing herself to the possibility of further required savings if markets went SPRING 2017 down, a contingency that, in this case, did not happen, and she prospered mightily, well exceeding her target.
Of course, there is no guarantee that the opposite will not occur, and that possibility is what we explore next.
A LESS FAVORABLE SCENARIO
The extremely happy result from Exhibit 3 was of course unexpected in 1975 and is also unlikely to happen again soon. Moreover, because our saver reached her target by 1997 and stayed above it thereafter, we learned nothing about the behavior of our method if one is exposed to market risk as the retirement date approaches more closely. Therefore, we examine a different 40-year historical period in Exhibits 4 and 5. We could simply invent a 40-year return series designed to make the saver have to keep saving right until the end, but-because we have very long time series of U.S. stock and bond returns available-we thought we would dig deeper into history and find such a period in the actual data. This has the advantage of realism, with long bull and bear markets, momentum and reversals, periods of high and low stock-bond correlation, and the other features one finds in real market data that are hard to reproduce in fake data. We find that the best period for this exercise is 1942-1981, during which the bear markets of the 1970s hit when our saver already had a substantial amount of money saved. Exhibit 4 shows the real growth of a dollar over this period, ref lecting real capital market returns. Exhibit 5 shows the saving rates and amounts for our saver over this 1942-1981 period.
At first, the bull markets of the 1950s and 1960s are kind to our saver, who can reduce her saving rate to zero by 1968. But, surprise! Accelerating inf lation and deteriorating stock and bond markets push the saving rate back up and then down and then back up again, reaching 34.8% after the terrible market year of 1974 and, after falling yet again, climbing to 30.5% after the bond debacle of the late 1970s.
The endgame here is revealing. By 1980, our saver was again closing in on her target, but the bear market year of 1981, the second or third such episode in less than a decade, knocked out a substantial portion of her savings right at the end. As she retires at the end of 1981, she experiences that disappointing negative return; as a result, before making her last contribution, she is short of her target amount of $2,108,363 by $160,181, or about 7%. Whatever her final year savings, it appears that she will end up somewhat below her target, although still pretty close. We note, however, that she had five savings holidays among the ups and downs of her portfolio, with no required payment to savings in those years. Had she saved anyway, building up an apparent excess, she would have had a cushion against this endgame risk. Not bad.
This endgame shortfall is a possibility inherent in any saving-and-investment scheme in which the saver takes investment risk. Late in one's working life, the savings balance is very large relative to any single year's income-or had better be-so a bad market return translates to a large dollar loss and cannot easily be made up with additional savings. When the bad market year is the last year that the saver works, making up a loss might not be possible at all, as in the present example.
Thus, we are forced to ask, what is "good enough"? If one reaches 90% or 95% of one's target, is that good enough? We would argue that it is-many people never come anywhere near that close-although a saver who finds such an outcome unacceptable can simply set the desired target higher so as to provide some downside cushion. It is a positive feature of our method-and not a bug-that even when markets disappoint, our saver gets very close to her target anyway.
E X H I B I T 4
Real (inflation-adjusted) Growth of a Dollar on U.S. Stocks
SMOOTHING
The method described here has the effect of amortizing the surprise part of the gain or loss for any given year evenly over all the remaining years, thus smoothing the savings rate substantially-but there is still volatility (increasing as the time to retirement gets smaller as a result of a decreasing amortization horizon). This is an unavoidable consequence of taking risk in the portfolio when one is seeking a fixed goal.
In fact, this volatility of funding requirements can profitably be thought of as what risk is, for a retirement investor. Dislike the volatility? Invest less aggressively, because that is where the volatility originates; accept a lower-risk, lower-expected-return investment strategy, or accept a higher probability of disappointment in Because of the amortization of gains and losses over the entire remaining period, we have (implicitly) smoothed the savings rate about as much as it can be smoothed; quarterly or monthly recalculation will not help much. Still, the path can become choppy toward the end. In the second historic example (Exhibit 5), a nasty surprise is in store after the big down years of 1973-1974 and a disappointing finish after 1981 because those years are late in our saver's working life when the saver has more money to be affected by the return and less time to make up for market disappointments through additional saving.
E X H I B I T 5
It might be tempting to suggest additional smoothing (over more than one year) in cases in which the required savings rate spikes up, and financial planners may very well propose this in the hope of keeping their clients. We, however, would warn that additional smoothing poses additional risk, namely because declines can be followed by further market declines and not always by rebounds, leading the saver to dig a deeper hole. After all, markets most closely resemble a random walk and thus are not mean reverting; in fact, risk to wealth increases over longer time horizons-one can have many serial years of disappointing returns.
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No magical formula exists that eliminates the need for sharply accelerated saving when markets disappoint for prolonged periods if one is to achieve a savings target.
CONCLUSION
In this article, we have supplied one key piece of the puzzle of how to spread the income from one's working life over one's whole life with a relatively smooth savings path and with a near-guarantee that the assets available for retirement will be as planned. In our earlier spending rule article, we supplied another of the necessary pieces.
We have not solved the whole puzzle: We have not said how to invest the money, where to find the fairly priced commercial annuity that we have introduced as a deus ex machina (although we have shown an alternative to commercial annuities in our spending rule article), or how to earn enough money to make the high needed savings rates a comfortable expense. These are topics for further work by researchers and for individual workers and savers to figure out for themselves, but we are financial economists, not moral philosophers-we have answered the questions that we can. As Richard Gere's character John Clark, an attorney who drafts wills in the motion picture Shall We Dance, says to his clients regarding the unfinished business in their lives, "The rest is up to you."
A P P E N D I X
The widely-used Excel™ spreadsheet sadly does not have a function for growing annuity payments, but time value of money math is well known to our readers, and the native formulae need not be reviewed here. 12 We will take a more practical approach than just repeating these formulae.
To help make up for this basic but missing function in Excel, our good friend Marc Thibault wrote this tight description of the math for the next payment in a growing payment plan, in a form readily amenable to writing spreadsheet formulae. We quote it with minor editing, anticipating that many readers would want to implement our suggestions in spreadsheet form:
In the general case, where rate ≠ growth and payments are at period end,
Growing PMT
PV rate growth growth rate nper FV rate growth rate nper growth nper
(Note that the right hand side has two terms, one related to PV and one for FV. They can be used together or separately, as needed; below we concentrate on just the PV portion.)
In the special case, where rate = growth and payments are at period end,
Growing PMT PV rate nper FV nper rate nper
Annuity Due: Where payments are at the beginning of the period (annuity due), the above answers are divided through by the term (1 + rate).
The notation is generally consistent with that of Excel and should be familiar. Rate is the discount rate, or for our purposes, the real discount rate-as we are working consistently in real space rather than nominal. Growth is of course the real payment growth rate that we specify to shape the payment curve to lower payments earlier and larger later (the idea being to scale savings to anticipated salary growth, and perhaps a bit more). Growing PMT is the first payment being calculated, and nper is the number of periods remaining. PV and FV are present value and future value, respectively. This math is completely general and can be used with both present values and future values, and for both End and Begin (annuity due) payment timing conventions, following the instructions.
It is not that hard to use the full formula, but alternatively, there is a useful "hack" for computing the next payment in a growing annuity using the standard level payment PMT function as found not only in Excel but also in all handheld calculators with financial functions. This hack works under certain useful but nonetheless limited conditions. First and most importantly, the problem must reference a present value and cannot reference a future value-unless the future value is first reduced to a present value (and then placed in the PV field of the function, leaving the FV field always zero or blank).
Second, the Begin/End switch (the last, far right field of the PMT function in Excel) must be set to Begin; it will thus compute an annuity due or beginning-of-period payment. (Caution: this hack will give an inaccurate result if the switch is set to zero as if to calculate an End annuity. However, if an End value is desired, one need only multiply the Begin solution just described by the quantity 1 plus the discount rate; in our setup of the problem the real discount rate.)
Third, and this is the key to the hack, the geometric difference of the (real) discount rate and the growth rate is substituted in the standard PMT formula in the position usually given to the discount rate.
For example, if our real discount rate is 0.54% and our growth rate is 3%, the assumptions used in this paper, the geometric difference is: 1 0.54% 1 3%
1.0054 1.03 2.3883%
Do not worry about it being a negative number; it works.
So, one has a choice: One can use the fully general math supplied above, writing a spreadsheet formula to ref lect it-a bit of a long formula, but readily doable. Or if one can format the problem so as to work with present values and with the Begin payment convention, one can just use the hack of the PMT function on a hand calculator (or in a quicker-to-write spreadsheet)! The authors' workbook is available on their websites (http://www.larrysiegel.org under 'Resources,' then choose 'Spreadsheets,' or http://www.bartonwaring.com under the Publications tab, in section 3), so you can see it done both ways and see that both give identical results; try it out on your handheld calculator, and you will see how easily it works.
As it happens, the Begin payment convention required for this hack is particularly useful to this problem, even though for mortgage payments and car payments, most of us are more used to using the End convention. It is natural to make a savings payment at this year-end time, but if one uses the End convention, one has calculated the payment a full year earlier without knowledge of what actual portfolio returns and other inputs might be by year end. The nice thing about the Begin convention is that it is a payment made simultaneously with the calculation, and it will take into account the full information known at time of making the payment to savings. As the Beginning of the coming period is the same as the Ending of the last period, it fits the problem nicely.
To spell it out in more detail, if one used the End convention and had calculated the payment a year ago at the beginning of the year to be made at the End of the year (today), the estimate of salary earnings might be off, and the estimate of the ending value of the portfolio will for certain be off given usual levels of market volatility; the payment may or may not have one "on track" towards their target. Using the Begin convention at the end of this year when all is knownthe Beginning of the following year-solves this problem.
Regardless of the method chosen, it can be convenient and helpful to work with present values instead of future values, and we can always put our future value target into today's present value terms by discounting it the appropriate number of years at our real discount rate. If we have accumulated some savings in our investment account-hopefully true at every period after the very first savings payment-we need only to amortize the portion of the present value of the target not already funded by our ending portfolio value. It is the difference between these two values, the present value of the target less the actual current value of the portfolio, that we insert in the present value field of our hack or of the full growing payment formula. This is helpful to our saver, as she can see, in today's dollars, where she stands-how well she is tracking to her target-much more intuitively than if she were comparing a future value with a present value.
In the full formula, we will also populate it with our real discount rate and growth assumptions; if using the hack, we will populate the PMT function with their geometric difference. The number of periods is our time remaining to retirement; the present value is the unfunded portion of our target as explained above. We do not need the future value portion of the full formula, and if using the hack, we must leave the FV field empty or zero in any event. If using the SPRING 2017 full formula, we divide by (1 + rate), our real discount rate, to get the Beginning period payment, and if using the hack, we simply set the final field to 1-a requirement regardless.
Let us work an example, replicating one line from the authors' spreadsheet used to prepare Exhibit 3; we will look at the payment made at the end of 1990, calculating it using the Begin convention for year 1991. Filling out the PMT function, we put our geometric difference between our real discount rate and our growth rate, of −2.3883%, into the first or rate position. Our investor is just turning 42, and thus has (67-42) payments in the future, plus one more for the present payment made at age 42, or 26 payments in total including the final payment which she will make when she retires on his 67th birthday. So we use 26 for the number of periods.
The investor's future value or target is $2,108,363 at age 67; we reduce it 25 years to today's present value of $1,842,780; the target is already stated as a real (today's dollars) value, so we used our real discount rate assumption. Taking into account the disappointing 1990 portfolio return of −3.84%, the value of the accumulated prior portfolio is a bit down, at $748,416 (not all of this data is shown on Exhibit 3, but can be found in the full spreadsheet available on the authors' web pages). This leaves the difference as the present value that we need to amortize, $1,094,364. We leave the FV position empty or zero, and plan to use Begin mode. Now we have what we need at the end of 1990 to calculate the savings payment today on the basis of Begin 1991, that is, the end of 1990.
First, using the hack on a hand held financial calculator or in a spreadsheet-very easy. In Begin mode:
( 2.3883%, 26, 1094364,,1) $30,609
Using a spreadsheet, we can calculate the full formula (PV portion only) representing the native math for a growing payment, including dividing through by the return relative of our real discount rate in order to make it a Begin payment:
Growing PMT
PV rate growth growth rate nper rate (The negative sign on the result in both cases is a result of the common sign convention that payments made are indicated with a negative, and payments received are positive. It is unimportant here and can be ignored.) This is the same result shown in Exhibit 3 for year-end 1990's payment to savings, and it can be easily replicated by anyone at the end of any given year-and quite easily, on any handheld financial calculator or spreadsheet!
ENDNOTES
1
There are ways to reshape a payment scheme other than a simple growing model as we are doing here. One we especially like for the retirement drawdown period was demonstrated by Waring and Siegel [2015] . Milevsky and Huang [2011] showed that, in principle, one can reshape the drawdown payment stream in a manner sensitive to one's aversion to dying before having spent all of one's money, an excellent bit of analysis and a very interesting approach, although it comes with some other limitations, especially with respect to the consideration of ordinary investment risk. More generally, the sophisticated life cycle models of the financial economics academy sometimes incorporate what is called Epstein-Zin utility, which allows for limited reshaping of the savings and/or drawdown rate, albeit also with limited tractability. In their practices, actuaries routinely use reshaped payment schemes to calculate pension contributions-in fact, one seldom, if ever, sees normal cost or contribution accruals calculated on a level payment basis but rather on one of several delayed payment bases.
2 Age 67 is currently the full retirement age for collecting Social Security benefits if the beneficiary was born after 1959.
We cannot predict what the retirement age will be in 40 years, and we recognize that the age is likely to be greater than 67.
In practice, one cannot ignore taxes. However, we do not know our saver's current-much less future-tax rate, so financial planners following our advice should make tax adjustments appropriate to their clients' specific financial situations. These include marital status, the allocation between 401(k)/IRA and taxable money, the tax laws specific to annuities (if annuities are actually bought), and so forth. According to http://www.immediateannuities.com as of May 13, 2016 . This approach to estimating future annuity pricing reveals why we have done our analysis in real terms, rather than nominal: The market for immediate life annuities, naturally expressed in today's dollars, is much deeper than that for deferred life annuities, so we feel we get better accuracy by referring to this market. We make the implied assumption that the price of an immediate annuity will track inf lation until time of retirement, all other things being equal (although they will not be). If we used deferred annuities, we could do the analysis in nominal terms but without as much pricing data-there are always tradeoffs.
4 Schirippa [2009] actually measured the discount of the first-year annuity payout in an inf lation-indexed annuity relative to the payout of a nominal annuity; that discount is 28% for a 65-year-old female (the closest available age and gender match to our 67-year-old female). We convert that to a cost premium: 1/(1 − 0.28) − 1 = 38.9%.
SPRING 2017
5 If we had conducted the analysis in nominal terms, we would have inf lated the target amount to ref lect expected inf lation between now and the time of retirement. In that case, though, we would use the nominal discount rate (say, the roughly 2.5% nominal yield on 30-year Treasury bonds) rather than the real yield to set the payments. 6 Ideally, it would be the present-value weighted average of the ladder of real yields available from inf lation protected bonds, taken year-by-year until time of retirement. Such numbers are unavailable as a practical matter because real instruments beyond 30 years do not exist. No major harm is done by our approximation, particularly when updated each period.
7
A large and contentious literature discusses the appropriate capital market assumptions or discount rates for definedbenefit (DB) pension plans, with actuaries arguing for high discount rates based on expected returns and some actuaries and nearly all economists arguing for use of the long-term risk-free rate (see Waring's discussion [2011] , chapters 1-6). We believe that, if riskless discount rates matched to the liability had been used by DB pension sponsors, they would be financially healthy today and would be providing benefits that would obviate the need for most individuals to do their own retirement saving and investing (or to read this paper!).
8 Our result is not out of line with other work on required savings rates at low expected rates of return (see Sexauer, Peskin, and Cassidy [2012] ). Note that savings includes paying down equity on a home, and other forms of savings outside the retirement investment portfolio. 9 We use the current real rate of 0.54% as the annual real discount rate for reducing the target to a present value in each period.
10 See Sexauer and Siegel [2016] for analysis of the number of standard deviations by which the 1982-1999 real return on the U.S. stock market exceeded the mean or expected return.
11
The gambler's fallacy is the incorrect belief that, if a random event happens more frequently than usual for a period, it will happen less frequently than usual in the subsequent time period, and vice versa. For example, if one tosses three heads in a row, the fallacy suggests that the next toss is more likely than normal to be a tail, but of course the odds remain 50-50. In our context, if one experiences portfolio losses for a period or three, it is a mistake to believe that the odds are now better than usual that the next periods of returns will provide gains given that markets, like coin tosses, are very close to a random walk.
12 A good general source for the native time value of money equations is https://en.wikipedia.org/wiki/Time_ value_of_money as accessed on November 21, 2016. The equations are for PV; to find payments, simply algebraically rearrange them.
13 And, as always for growing annuity calculations, the growth term cannot be equal to the discount rate term; if it is, it represents a special case that uses a different formula.
